Introduction
A wave of new, faster, and smaller electronic packaging approaches with high Input/Output ͑I/O͒ counts and increasingly complex semiconductor devices is emerging. Ball grid array ͑BGA͒ type packaging technologies, such as plastic/ceramic BGA ͑PBGA/CBGA͒, flip-chip ͑FC͒, and wafer level chip scale packaging ͑WL-CSP͒ meet the requirement of high-I/O devices and even for lower-pincount applications. However, issues around the reliability of BGA type packaging remain, and the research is critically needed in analyzing and designing the advanced electronic packages. In surface mounted electronic devices, the low cycle fatigue-induced failure of the solder joints has been referred to as one of the most critical reliability issues in BGA type packaging ͓1-3͔. Solder joint reliability has been found highly dependent on the configuration of the electronic packaging, such as geometry and thermal behaviors of each component, moisture condition, and the solder joint reflow characteristics ͓3-5͔. Accordingly, finite element methods with multi-physics capabilities must be used to predict the electronic packaging reliability and reduce the time-to-market in the electronic packaging industry. Fatigue life prediction of the solder joint and the overall electronic packaging requires detailed thermal-mechanics and electronic packaging geometry information. A three-dimensional finite element model is favored in this study since it can more realistically represent physical behavior of BGA packaging ͓6͔. In low cycle fatigue analysis of BGA packaging, full-scaled model with high mesh density in solder joint region could obtain accurate elastic/ plastic stress/strain distribution. However, this model could lead to a finite element mesh up to millions of DOF ͑degree of freedom͒ and analyzing this model is quite difficult to complete for the substantial computational resource.
An alternative approach is the micro-macro numerical technique. The substructure typed micro-macro ͑local-global͒ numerical analysis technique has been developed for years ͓7͔, as a solving procedure for large domain problems of the BGA type packaging application ͓6,8͔. In the literature, one-dimensional equivalent beam was adopted to elastically/plastically simulate the specified three-dimensional micro model. Cheng et al. ͓6͔ have improved the accuracy of the equivalent beam method compared to the full-scaled model, and the flexibility in modeling the entire assembly associated with the area array electronic packaging. However, these authors' work is restricted to the BGA type packaging solder joint with the same upper/lower pad size, and equivalent beam has longer length than the stand-off height of the single solder joint.
This study proposes the one-dimensional equivalent beam with multi-point constraints based on the work of Cheng et al. ͓6͔ to obtain the effective material properties and geometry coefficients, which could be applied in analyzing the three-dimensional finite element model by micro-macro numerical technique. The equivalent beam in this research consists of three/five parts with different sections in order to adapt the BGA type packaging solder joint with different pad sizes. The total length of the proposed equivalent beam equals to the stand-off height of the single solder joint. The effective elastic material properties of the equivalent beam can be analytically derived based on the elastic forces versus displacements relationship of the prescribed micro model. Next, the plastic material properties and the geometric configuration of the equivalent beam can be obtained by optimization iteration and regression analysis. Additionally, a wafer level packaging with 48 I/O is selected as a benchmark to compare the results of equivalent beam and full-scaled model.
Finite Element Analysis
The Effective Properties of the Equivalent Beam. In this paper, one-dimensional equivalent beam simplifies a single eutectic Sn/Pb solder ͑Fig. 1͒ without comprising any silicon chip and Bisaleimide triazine ͑BT͒ substrate. This simplification benefits from its flexibility and generality in modeling the entire area array packaging. Note that the profile of this solder joint is obtained from the Surface Evolver ͓4 -6,9-11͔. The equivalent beam with three/five sections is considered as three/five different solid circular sections, shown in Figs. 2 and 3, to accurately adapt to the BGA packaging with different upper (D 1 ) and lower (D 2 ) solder pad size.
The three-section equivalent beam consists of three different circular sections with radiuses of R 1 , R 2 , and R 3 . The lengths corresponding to these cross sections are L 1 , L 2 , and L 3 , shown in Fig. 2 . The geometric characteristic ratios: q 1 , q 2 , m 1 , and m 2 , are introduced to simplify the analytical derivation of the equivalent beam with three different sections. The geometrical relations of the equivalent beam are
where R is the radius of the center section and L is the equivalent beam total length which equals to the stand-off height of solder joint.
The five-section equivalent beam consists of five different circular sections with radiuses of R 1 , R 2 , R, R 4 , and R 5 . The lengths corresponding to these cross sections are
and L 5 , shown in Fig. 3 . The geometry characteristic ratios: q 1 , q 2 , q 3 , q 4 , m 1 , m 2 , m 3 , and m 4 are introduced to simplify the analytical derivation of the equivalent beam with five different sections. The geometrical relations of the equivalent beam are
where R is the radius of the center section and L is the equivalent beam total length which equals to the stand-off height of solder joint. The equivalent beam is fixed on the left-hand side and subjected to a concentrated force, either a tension F or a shear force P, on the right-hand side. The following relations, such as shear resultant forces ͑P͒ versus shear displacements (w s ), axial resultant forces ͑F͒ versus axial displacements (w a ) of solder joints, are needed in order to derive the corresponding equivalent beam with Young's modulus E and Poisson's ratio .
The shear correction factor corresponding to a solid circular beam is based on the work of Cowper ͓12͔ as follows:
Based on the governing equations and the shear correction factor, the elastic shear displacement w s ͑or the axial displacement w a ) on the right-hand side of the cantilever beam with circular cross section subjected to a shear ͑or axial͒ concentrated force P ͑or F͒ can be obtained: where A and I represent the area and moment of inertia of the center section, such as 
where Bϭ1Ϫm 1 Ϫm 2 and Cϭm 3 ϩm 4 . The effective elastic material property E can be eventually derived from given geometric parameters and w s , w a , P, F at the tip of the cantilever beam on the right-hand side, according to Eq. ͑8͒:
Subsequently, the radius R of the equivalent beam can be derived as follows:
The effective material properties and the geometric configuration of the three-section and five-section equivalent beam can be fully attained by optimization iteration and the regression analysis. Due to the fact that the ratio of solder joint height to its diameter is less than 1, precisely simulating the corresponding linear/nonlinear stiffness characteristics using a simple beam model presents extraordinary difficulties; therefore a proper discrepancy is tolerable between the micro model and the equivalent beam. The tolerance used in Corbin's work will be applied in this study, which is 6 percent discrepancy for the shear displacement and 16 percent for the axial displacement ͓6,8͔. For simplicity, only five representative linear/nonlinear stiffness characteristic sets ͑i.e., forces versus displacements͒ are selected to determine the effective material properties of the equivalent beam: one from the elastic region and the other four from the plastic zone. Applying optimization iteration, the objective function is defined to minimize the mean least square error of the five stiffness characteristic sets between the solder joint and the equivalent beam. In addition, the geometric characteristic ratios, q i and m i (iϭ1 -2 or iϭ1 -4 for three-section equivalent beam or five section equivalent beam, respectively͒ are considered as the design variables in the optimization process. The optimization objective function is subjected to the following side constraints:
In the regression analysis, one may start to calculate Young's modulus and the central-section radius of the equivalent beam by Eqs. ͑12͒ and ͑13͒, respectively, with obtained micro model stiffness characteristics and initial guess of the geometric ratios. The objective function mentioned above could be minimized and the effective plastic material properties of the equivalent beam could be then attained. However, varying the equivalent beam geometric characteristic ratios to repeat the solution procedure will be necessary, if the regression model is not conducted appropriately. Once all these regression trials have been preformed, the regression model can be constructed to determine the proper geometric configuration ͑Fig. 4͒.
Since each regression trial involves the local minimum of the object function and satisfies all of the specified tolerance, the above approaches can lead to a nearby optimal solution which satisfies the design needs of the equivalent beam, including the effective material properties as well as the geometric configuration. Furthermore, if the material properties of other temperatures are considered for the same problem ͑i.e., temperature-dependent material properties͒, the whole iteration procedure could be reduced to one time of estimation of the corresponding material properties by using the same geometric data derived before.
Application.
A realistic wafer level packaging with 48 I/O is selected as a benchmark in order to verify the accuracy and CPU time reduction of proposed methodology. This area array packaging is comprised of silicon chip, BT, and 48 eutectic Sn/Pb solder joints. Table 1 presents the material and geometric data of these components. This wafer level packaging is subjected to a thermal cycle loading between Ϫ55°C and 125°C with a ramp rate of 12°C/min and a dwelling time of 15 min. The initial stress-free reference temperature equals 22°C. All materials, except for the eutectic solder joint, are considered to have elastic properties ͑Table 1͒. Transactions of the ASME
The eutectic solder joint is considered to have a temperaturedependent, elastic-plastic material ͓13͔ as shown in Fig. 5 . The related linear/nonlinear stiffness characteristic of the single eutectic solder joint ͑i.e., the micro model͒ can be calculated by finite element code. In this study, the equivalent beam with three different sections were applied to simulate the mechanical behavior of a single solder joint. The corresponding equivalent beam can be defined when all these linear/nonlinear stiffness characteristics of the micro model are obtained. From the elastic results of micro model at 22°C ͑Figs. 6 -8͒, the force versus the displacement relationship is obtained. The geometry parameters, q 1 and q 2 , shown in Fig. 2 , are respectively chosen as the ratio of substrate-sided and diesided pad radius. By the proposed regression analysis, the geometric data of the equivalent beam are obtained as Rϭ0.05415 ͑cm͒, m 1 ϭ0.3, m 2 ϭ0.35, q 1 ϭ0.8184, and q 2 ϭ0.7015.
The effective properties of the equivalent beam can be optimally obtained using the previously proposed solution procedure. At temperatures of Ϫ55°C, 22°C, and 125°C, the obtained linear/ nonlinear stiffness characteristics of the equivalent beam are compared with those of the solder joint, including shear forces versus shear displacements ͑Fig. 6͒, moments versus shear displacements ͑Fig. 7͒, and axial forces versus axial displacements ͑Fig. 8͒. Figure 9 shows the effective linear/nonlinear material properties of the equivalent beam that determined by the proposed optimization iteration. The mean error of these two models subjected to shear force, moment and axial force are 4.405 percent, 7.928 percent, and 7.844 percent respectively, which are considerably satisfactory.
In this study, only a quarter of the full-scaled finite element approximation model is conducted owing to the symmetry condition. This quartered model consists of 12 eutectic solder joints as shown in Fig. 10 . The equivalent beam model is created by replacing 12 eutectic solder joints with the equivalent beams, as shown in Fig. 11 . The mesh density of micro-macro and the fullscaled model is the same except for the equivalent beams/solder joints. The multi-point constraints boundary is applied to the connection between solder joint and the silicon chip ͑or BT substrate͒, since the node of beam-type element node has different number of DOF ͑degree of freedom͒ from that of solid-type. Table 5 lists the element and node numbers of the micro-macro and full-scaled model. The simulation results of both full-scaled and equivalent beam models are obtained by commercial finite element analysis code ANSYS® ͑release 5.6͒. The accuracy of the equivalent beam model is rigorously compared to the result of the full-scaled model. Tables 2 and 3 show the shear displacement output at the tip of each equivalent beam and solder joint in the x direction, which is the longest edge direction of the silicon chip. Table 4 shows the difference in percentage of x direction shear displacement in comparing the result of the equivalent beam model ͑Table 2͒ and the full-scaled model ͑Table 3͒. The maximum differences in percentage occurred at the farthest position away the center point of the electronic packaging model is approximately 9.87 percent, which is apparently acceptable. The equivalent beam model can reduce approximately 80 percent CPU time, as listed in Table 5 .
Conclusion
One-dimensional equivalent beam method is presented in analyzing three-dimensional BGA packaging model by micro-macro finite element numerical technique. The equivalent beam method can adapt to BGA type packaging solder joint with different pad sizes, which is widely used in wafer level packaging. The proposed equivalent beam model generates an accurate micro-macro analysis result and significantly reduces the required CPU time. This work applied the analytical solution, the optimization iteration and the regression analysis to obtain proper geometric configuration and effective linear/nonlinear material properties of the equivalent beam. An analysis of 48 I/O wafer level packaging subjected to thermal cycle loading was selected as a benchmark to verify the accuracy and CPU time reduction of the equivalent beam model when compared to the full-scaled model. The result shows that the equivalent beam model can replace those of the full-scaled model and reduce required CPU time by approximately 80 percent, furthermore, the CPU time of the equivalent beam model can be further reduced by using a coarser mesh at the silicon chip and the substrate. Applying the micro-macro technology with the equivalent beam, the computation time for solving the full-scaled model is significantly reduced, so that the typical thermal cycle analysis of the electronic packaging can be fully Transactions of the ASME conducted and the low-cycle thermal fatigue life of the area array electronic packaging solder joint can be predicted by CoffinManson's or Darveaux's empirical relationship.
